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A CLASS OF SEMISIMPLE HOPF ALGEBRAS ACTING ON QUANTUM
POLYNOMIAL ALGEBRAS
DEIVIDI PANSERA
Abstract. We construct a class of non-commutative, non-cocommutative, semisimple Hopf
algebras of dimension 2n2 and present conditions to define an inner faithful action of these
Hopf algebras on quantum polynomial algebras, providing, in this way, more examples of
semisimple Hopf actions which do not factor through group actions. Also, under certain
condition, we classify the inner faithful Hopf actions of the Kac-Paljutkin Hopf algebra of
dimension 8, H8, on the quantum plane.
1. Introduction
Suppose that H is a finite-dimensional Hopf algebra over a field F acting on an algebra A.
If I is a Hopf ideal such that I ·A = 0, we say that the action factors through a quotient Hopf
algebra H/I. One says that the action factors through a group action if there exists a Hopf
ideal I of H, with I · A = 0, such that H/I ∼= F [G] as Hopf algebra for some group G. In
this last scenario, the Hopf action can be seen, in a certain sense, as a group action. Then,
the following question arises: Are there conditions on either H or A ensuring that the action
factors through a group action?
The first general result appeared in [10]. Assuming that H is semisimple and F is alge-
braically closed, the authors showed that if A is a commutative domain, then the action factors
thorough a group action in this setting. Cuadra, Etingof and Walton, in [7], showed that that
is also the case for the Weyl algebra A = An(F ), i.e., they showed that any semisimple Hopf
action on the Weyl algebra An(F ) must factor through a group action.
In [14], by using and analyzing the results obtained by Cuadra, Etingof and Walton, it was
showed that any semisimple Hopf action over an algebraically closed field of characteristic zero
on an skew polynomial ring of derivation type must factor through a group action. Although
there are examples in literature of Hopf actions on quantum polynomial algebras that do
not factor through group actions (see [13, 7.4-7.6]), in this paper we give some conditions to
define an action of a Hopf algebra on an skew polynomial of automorphism type which does
not factor through a group action (Theorem 3.1). In order to do that, we will construct a class
of semisimple Hopf algebras H2n2 , which are not group algebras, and show that there exist
inner faithful actions of those algebras on the quantum polynomial algebras, in particular on
the quantum plane. In a recent paper, [9], P. Etingof and C. Walton say that there is no finite
quantum symmetry when the action of any finite-dimensional Hopf algebra factors through a
group action. In this way, we give examples of algebras where there is quantum symmetry.
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Also, for the quantum plane case, under certain condition, we classify the inner faithful Hopf
actions of the Kac-Paljutkin Hopf algebra of dimension 8, H8, on it (Theorem 4.1).
Let F be a field. In this paper, all the Hopf algebras, tensor products and algebras are
taken over F . In the sequel, we present the definition of inner faithful actions. Let H be
a finite-dimensional Hopf algebra. A representation of H on an algebra A is an algebra
homomorphism π : H → A. The following definition was given by Banica and Bichon.
Definition 1.1 ([4, Definition 2.7]). Let π : H → A be a representation of a Hopf algebra
H on an algebra A. We say that π is inner faithful if Ker(π) does not contain any non-zero
Hopf ideal.
Let M be a left H-module, then, if we consider the endomorphism algebra EndF (M), we
have a representation π : H → EndF (M) due to M be an H-module. In this case, to say that
π is inner faithful is to say that I ·M 6= 0 for any non-zero Hopf ideal I of H. This leads to
the definition below.
Definition 1.2 ([6, Definition 1.2]). Let M be a left H-module. We say that M is an inner
faithful H-module (or H acts inner faithfully on M) if I ·M 6= 0 for any non-zero Hopf ideal
I of H. Given a Hopf action of H on an algebra A (i.e., A is a left H-module algebra), we
say that this action is inner faithful if the left H-module A is inner faithful.
Remark 1.3. Any Hopf action factors through an inner faithful Hopf action. For if H is
a Hopf algebra acting and a left H-module algebra A, then we can consider the Hopf ideal
I =
∑
J⊆AnnH (A)
J , which is the largest Hopf ideal of H such that I · A = 0. Then H/I acts
inner faithfully on A.
Also, we present here a result regarding group algebras which can be found in [11, Lemma
4] and will be useful in the next sections.
Lemma 1.4. Let H = F [G] be the group algebra of a finite group G and I ( H be a Hopf
ideal. Then there exists a normal subgroup N ⊳G such that I = (F [G])(F [N ])+.
2. A class of semisimple Hopf algebras
2.1. Hopf algebra structure on quotients of skew-polynomial rings. Our first main
results consist in giving necessary and sufficient condition to extend the structure of a biagebra
R to the skew polynomial ring of automorphism type R[z;σ] (Theorem 2.4), and to define a
Hopf algebra structure on the quotient R[z;σ]/I, for I a certain bi-ideal of R[z;σ] (Theorem
2.7).
We start with the definition of a twist for a bialgebra.
Definition 2.1. Let R be a bialgebra and J be an invertible element in R⊗R. J is called a
right twist (or a Drinfel’d twist) for R if J satisfies:
(i) (id⊗∆)(J)(1 ⊗ J) = (∆ ⊗ id)(J)(J ⊗ 1);
(ii) (id⊗ ǫ)(J) = 1 = (ǫ⊗ id)(J).
J is called a left twist for R if it satisfies (ii) and (1⊗ J)(id⊗∆)(J) = (J ⊗ 1)(∆⊗ id)(J).
If J is a left twist for R, then J−1 is a right twist for R.
Definition 2.2 ([8, 2.1]). Let R be a bialgebra. Let J be a right twist for R and σ ∈ End(R).
We say that the pair (σ, J) is a twisted homomorphism for R if σ satisfies:
(i) J(σ ⊗ σ)∆(h) = ∆(σ(h))J for all h ∈ R;
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(ii) ǫ ◦ σ = ǫ.
Note that, for any homomorphism of coalgebras σ ∈ End(R), the pair (σ, 1⊗1) is a twisted
homomorphism for R.
Remark 2.3. Let R be a bialgebra, (σ, J) a twist homomorphism for R and a ∈ R.
(1) If σ is an automorphism, then (σ ⊗ σ)∆(σ−1(a)) = J−1∆(a)J := ∆J(a);
(2) Since J is invertible, (σ ⊗ σ)∆(a) = J−1∆(σ(a))J = ∆J(σ(a));
(3) σ is an homomorphism of coalgebras if and only if J commutes with ∆(σ(a)), for all
a ∈ R.
Now, we shall extend the bialgebra structure of a bialgebra R to its Ore extension of
automorphism type R[z;σ], for some specific σ ∈ Aut(R).
Theorem 2.4. Let R be a bialgebra and (σ, J) be a twisted homomorphism for R. Let
H = R[z;σ] be the skew polynomial ring of endomorphism type. Then the bialgebra structure
of R can be extended to H such that ∆(z) = J(z ⊗ z) and ǫ(z) = 1F . Conversely, if there
exist an invertible element J ∈ R ⊗ R and σ ∈ Aut(R) such that R[z, σ] is a bialgebra with
∆(z) = J(z ⊗ z) and ǫ(z) = 1, then (σ, J) is a twisted homomorphism for R.
Proof. Let (σ, J) be a twisted homomorphism for the bialgebra R, and let H = R[z;σ] be the
Ore extension of automorphism type of R. Since R is a bialgebra, we have a homomorphism
of algebras ∆ : R → H ⊗ H. Consider the element J(z ⊗ z) ∈ H ⊗ H. Note that, for all
h ∈ R, we have
J(z ⊗ z)∆(h) = J(σ ⊗ σ)∆(h)(z ⊗ z) = ∆(σ(h))J(z ⊗ z).
Thus ∆ satisfies the Ore condition. Hence, there exists a unique algebra homomorphism
∆ : H → H ⊗ H such that ∆|R = ∆ and ∆(z) = J(z ⊗ z). While it may be an abuse of
notation, we just write ∆ = ∆.
Furthermore,
(id⊗∆)∆(z) = (id ⊗∆)(J)(z ⊗∆(z))
= (id ⊗∆)(J)(1 ⊗ J)(z ⊗ z ⊗ z)
= (∆ ⊗ id)(J)(J ⊗ 1)(z ⊗ z ⊗ z)
= (∆ ⊗ id)(J)(∆(z) ⊗ z)
= (∆ ⊗ id)∆(z);
This implies that ∆ : H → H ⊗H is a coassociative map.
Now, since ǫ : R→ F is a homomorphism of algebras, then, for all h ∈ R, we have
1F ǫ(h) = 1F ǫ(σ(h)) = ǫ(σ(h))1F .
Thus ǫ satisfies the Ore condition. So, there exists a unique algebra homomorphism ǫ :
H → F such that ǫ|R = ǫ and ǫ(z) = 1F . Again, while it may be an abuse of notation, we
just write ǫ = ǫ. Moreover, we have
(id⊗ ǫ)∆(z) = (id⊗ ǫ)(J)z = z = (ǫ⊗ id)(J)z = (ǫ⊗ id)∆(z).
Thus ǫ satisfies the counity property in H. Therefore, the bialgebra structure of R extends
to H as stated in the lemma.
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To prove the converse, suppose that there exist an invertible element J ∈ R ⊗ R and
σ ∈ Aut(R) such that R[z, σ] is a bialgebra with ∆(z) = J(z ⊗ z) and ǫ(z) = 1. Since
(id⊗ ǫ)∆(z) = (ǫ⊗ id)∆(z), we must have that (id⊗ ǫ)(J) = 1 = (ǫ⊗ id)(J). Also,
(id⊗∆)∆(z) = (id ⊗∆)(J)(z ⊗∆(z)) = (id⊗∆)(J)(1 ⊗ J)(z ⊗ z ⊗ z)
and
(∆⊗ id)∆(z) = (∆⊗ id)(J)(∆(z) ⊗ z) = (∆⊗ id)(J)(J ⊗ 1)(z ⊗ z ⊗ z).
Since R[z, σ] is a bialgebra, we have that (id ⊗ ∆)∆(z) = (∆ ⊗ id)∆(z) and hence (id ⊗
∆)(J)(1⊗ J) = (∆⊗ id)(J)(J ⊗ 1), that is, J is a right twist for R. Moreover, for all h ∈ R,
zh = σ(h)z. This implies that
ǫ(h) = ǫ(zh) = ǫ(σ(h)z) = ǫ(σ(h)),
i.e., ǫ ◦ σ = ǫ. Note that
J(σ ⊗ σ)∆(h)(z ⊗ z) = J(z ⊗ z)∆(h) = ∆(zh) = ∆(σ(h)z) = ∆(σ(h))J(z ⊗ z), ∀h ∈ R.
Thus, J(σ ⊗ σ)∆(h) = ∆(σ(h))J and hence the pair (σ, J) is a twisted homomorphism for
R. 
As it was said at the beginning of this section, given a Hopf algebra R, we will find
conditions to define a Hopf algebra structure on the quotient R[z, σ]/I, for some bi-ideal I of
R[z, σ]. The following lemma gives us certain conditions to find the bi-ideal on the bialgebra
R[z;σ] which will be used to define the Hopf algebra structure mentioned.
Lemma 2.5. Let R be a bialgebra and (σ, J) be a twisted homomorphism for R. Suppose that
there exists 0 6= t ∈ R such that ∆(t) = J(σ ⊗ σ)(J)(t ⊗ t). Then, for H = R[z;σ] with the
bialgebra structure as in Theorem 2.4, I = 〈z2 − t〉 is a bi-ideal of H.
Proof. Let R be a bialgebra and (σ, J) be a twisted homomorphism for R. By Theorem 2.4,
H = R[z;σ] is also a bialgebra. Let 0 6= t ∈ R as in the hypothesis and let I be the ideal in
H generated by z2 − t. We have to prove that I = 〈z2 − t〉 is coideal of H. We note that t
necessarily satisfies
t = (ǫ⊗ id)∆(t)
= (ǫ⊗ id)(J)(ǫ ⊗ id)(σ ⊗ σ)(J)ǫ(t)t
= (ǫ⊗ id)(σ ⊗ σ)(J)ǫ(t)t
= (ǫ⊗ σ)(J)ǫ(t)t
= σ((ǫ⊗ id)(J))ǫ(t)t
= σ(1)ǫ(t)t = ǫ(t)t,
which implies ǫ(t) = 1. So, ǫ(z2 − t) = ǫ(z)2 − ǫ(t) = 0. That is, I ⊆ Ker(ǫ).
Furthermore,
∆(z2 − t) = ∆(z)2 −∆(t)
= J(z ⊗ z)J(z ⊗ z)−∆(t)
= J(σ ⊗ σ)(J)(z2 ⊗ z2)−∆(t)
= J(σ ⊗ σ)(J)(z2 − t⊗ z2) + J(σ ⊗ σ)(J)(t ⊗ z2 − t) + J(σ ⊗ σ)(J)(t⊗ t)−∆(t)
= J(σ ⊗ σ)(J)(z2 − t⊗ z2) + J(σ ⊗ σ)(J)(t ⊗ z2 − t),
which belongs to I ⊗H +H ⊗ I. Therefore, I is a bi-ideal of H. 
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Remark 2.6. Note that, conversely, if I = 〈z2 − t〉 is a bi-ideal of H, then ∆(t) − J(σ ⊗
σ)(J)(t ⊗ t) ∈ H ⊗ I + I ⊗H.
Hence, given a bialgebra R and (σ, J) a twisted homomorphism for R and an element t
that satisfies the hypothesis of Lemma 2.5, we have that H/I is a bialgebra, for H = R[z;σ]
and I = 〈z2 − t〉. The next lemma presents conditions to extend a Hopf algebra structure
from R to the quotient bialgebra H/I.
Theorem 2.7. Let R be a Hopf algebra with antipode S, (σ, J) be a twisted homomorphism.
Suppose also that σ ◦ S = S ◦ σ and σ2 = id. If there exists 0 6= t ∈ R, with ∆(t) =
J(σ ⊗ σ)(J)(t ⊗ t), and such that
(i) tJ1S(J2) = 1;
(ii) tσ(S(J1)J2) = 1,
where J = J1 ⊗ J2 with the summation omitted, then there exists a Hopf algebra structure
on H/I with S(z) = z. Conversely, if there exists a Hopf algebra structure on H/I with
S(z) = z, then tJ1S(J2) = 1 = tσ(S(J1)J2).
Proof. Let R be a Hopf algebra with antipode S and (σ, J) a twisted homomorphism for R
such that σ2 = id. By Theorem 2.4, R[z, σ] is a bialgebra, and by Lemma 2.5, I = 〈z2 − t〉 is
a bi-ideal of R[z, σ].
We just write h for the element h+ I of H/I. And to define the antipode, we just extend
the antipode S of R to H/I defining S(z) = z. We note that S : H/I → H/I is well defined,
since S(z2 − t) = S(z)2 − S(t) = z2 − t ∈ I and, using that S ◦ σ = σ ◦ S, S(a)z = zS(σ(a))
for all a ∈ R. Also, we have that
µ(id⊗ S)∆(z) = µ(1⊗ S)(J(z ⊗ z)) = J1zS(z)S(J2) = z2σ2(J1)S(J2) = tJ1S(J2) = 1,
and
µ(S ⊗ id)∆(z) = µ(S ⊗ 1)(J(z ⊗ z)) = S(z)S(J1)J2z = z2σ(S(J1))σ(J2) = tσ(S(J1)J2) = 1.
Since S is an antipode for R, the antipode property is verified for R as well. Therefore,
S is an antipode of H/I and so H/I is a Hopf algebra. The converse follows from the two
equations above. 
In this setting, for R a semisimple Hopf algebra, we have the following corollary.
Corollary 2.8. Under the conditions of Theorem 2.7, if R is a semisimple Hopf algebra, then
H/I is semisimple.
2.2. Construction of a class of semisimple Hopf algebras. In this subsection, using
what we have done in the last subsection, we shall construct semisimple Hopf algebras of
dimension 2n2, which, in the sequel, will be used to define actions on the quantum polynomial
algebra which do not factor through group actions. From now on, we let the ground field F
be algebraically closed with characteristic zero.
Let Γ = 〈x | xn = 1〉 be the cyclic group of order n > 1. Let q ∈ F be a primitive nth root
of unity. For every integer j, we set
ej =
1
n
n−1∑
i=0
q−ijxi.
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Observe that if j ≡ j′(mod n), then qj = qj
′
and xj = xj
′
, and therefore ej = ej′ . This
means that e0, . . . , en−1 lists the distinct e
′
is. Moreover, for 0 ≤ j, k < n, we have
(1) ejx
k =
1
n
n−1∑
i=0
q−ijxi+k = qjk
(
1
n
n−1∑
i=0
q−(i+k)jxi+k
)
= qjkej .
Lemma 2.9. {e0, · · · , en−1} is a complete set of orthogonal idempotents of F [Γ].
Proof. Since q−j is also an nth root of unity different from 1 if j 6= 0, we get
n−1∑
i=0
ei =
1
n
n−1∑
i=0
n−1∑
j=0
q−ijxj =
1
n
n−1∑
j=0
(
n−1∑
i=0
(
q−j
)i)
xj = 1,
Also, using (1), for 0 ≤ l, j < n:
ejel =
1
n
n−1∑
k=0
q−lkejx
k =
1
n
n−1∑
k=0
q−lk+jkej =
1
n
n−1∑
k=0
(
qj−l
)k
ej =
{
ej if l = j
0 if l 6= j
Hence, {e0, · · · , en−1} is a complete set of orthogonal idempotents of F [Γ]. 
We denote the elements of G = Γ × Γ by xiys for 0 ≤ i, s < n. Let {e0, · · · , en−1}
be the complete set of idempotents of F [Γ] as in Lemma 2.9. Let σ ∈ Aut(F [G]) be the
automorphism of F [G] induced by the group isomorphism xiys 7→ xsyi, for 1 ≤ i, s ≤ n.
Set ei := σ(ei), i.e., ei =
1
n
∑n−1
j=0 q
−ijyj. As in equation (1) one has eiy
k = qikei.
Now, in F [G]⊗F [G], consider the element J :=
∑n−1
i=0 ei⊗ y
i. Note that we can also write
J in terms of the elements ei’s as
(2) J =
1
n
n−1∑
i,j=0
q−ijxj ⊗ yi =
n−1∑
i=0
xi ⊗ ei.
With this setting, we have the following lemma.
Lemma 2.10. The pair (σ, J) is a twisted homomorphism for F [G].
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Proof. First we note that J is invertible with inverse J−1 =
∑n−1
j=0 ej ⊗ y
−j. Using (1) and
(2), we get
(∆ ⊗ 1)(J)(J ⊗ 1) =
(
n−1∑
i=0
∆(xi)⊗ ei
)n−1∑
j=0
ej ⊗ y
j ⊗ 1


=
n−1∑
i,j=0
xiej ⊗ x
iyj ⊗ ei
=
n−1∑
i,j=0
qijej ⊗ y
jxi ⊗ ei
=
n−1∑
i,j=0
ej ⊗ y
jxi ⊗ yjei
=

n−1∑
j=0
ej ⊗∆(y
j)



n−1∑
j=0
1⊗ xi ⊗ ei

 = (1⊗∆)(J)(1 ⊗ J).
Moreover, we have
(1⊗ ǫ)(J) =
n−1∑
i=0
ei = 1 =
n−1∑
i=0
ei = (ǫ⊗ 1)(J).
That is, J is a right twist as in Definition 2.1. For xkys ∈ G, note that
(σ ⊗ σ)∆(xkys) = (σ ⊗ σ)(xkys ⊗ xkys) = xsyk ⊗ xsyk = ∆(σ(xkys)).
Thus, since F [G] is commutative, we have that J(σ ⊗ σ)∆(xkys) = ∆(σ(xkys))J . Moreover,
clearly ǫ ◦ σ = ǫ. Therefore, the pair (σ, J) is a twisted homomorphism for F [G]. 
Hence, by Theorem 2.4, H = F [G][z;σ] is bialgebra with ∆(z) = J(z ⊗ z) and ǫ(z) = 1.
Now, consider the element t =
∑n−1
i=0 eiy
i which satisfies
σ(t) =
n−1∑
i=0
eix
i =
1
n
n−1∑
i=0
n−1∑
j=0
q−ijyjxi =
n−1∑
j=0
(
1
n
n−1∑
i=0
q−ijxi
)
yj =
n−1∑
j=0
ejy
j = t.
Moreover, t has an inverse in F [G], t−1 =
∑n−1
i=0 eiy
−i.
Lemma 2.11. The element t satisfies ∆(t) = J(σ ⊗ σ)(J)(t ⊗ t).
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Proof. Since
∑n−1
k=0(q
(l−j))k = 0 for l 6= j, note that for any i
n−1∑
k=0
ek ⊗ e(i−k) =
1
n2
n−1∑
k,j,l=0
q−jkq−l(i−k)xj ⊗ xl
=
1
n2
n−1∑
k,j,l=0
q(l−j)kq−lixj ⊗ xl
=
1
n2
n−1∑
j,l=0
(
n−1∑
k=0
(q(l−j))k
)
q−lixj ⊗ xl
=
1
n
n−1∑
j=0
q−ijxj ⊗ xj = ∆(ei).
So, it follows that ∆(t) =
∑n−1
i,m=0 eiy
m ⊗ e(m−i)y
m. Then, by (2), we get
J(σ ⊗ σ)(J)(t ⊗ t) =
n−1∑
i,j=0
eiy
jt⊗ yiejt
=
n−1∑
i,j,k,l=0
eieky
j+k ⊗ ejely
i+l
=
n−1∑
i,j=0
eiy
i+j ⊗ ejy
i+j
=
n−1∑
i,m=0
eiy
m ⊗ e(m−i)y
m = ∆(t).

So, t satisfies the hypothesis of Lemma 2.5 and hence I = 〈z2− t〉 is a bi-ideal of F [G][z;σ].
Thus H = F [G][z;σ]/〈z2 − t〉 is also a bialgebra.
Note that σ2 = id and
S(t) =
1
n
n−1∑
i,j=0
q−ijx−iy−j =
1
n
n−1∑
k,s=0
q−ksxkys =
n−1∑
s=0
esy
s = t.
Since σ(S(xkys)) = x−sy−k = S(σ(xkys)) and
tJ (1)S(J (2)) =
n−1∑
i,j=0
eiejy
i−j =
n−1∑
i=0
ei = 1,
and
tσ(S(J (1))J (2)) = tσ

 1
n
n−1∑
i,j=0
q−ijx−jyi

 = t n−1∑
j=0
y−j
1
n
n−1∑
i=0
q−ijxi = t

n−1∑
j=0
ejy
−j

 = tt−1 = 1,
by Theorem 2.7, H = F [G][z;σ]/〈z2 − t〉 is a Hopf algebra.
Note that these Hopf algebras have dimension 2n2 and we shall denote them by H2n2 .
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Also, we note that since F has characteristic zero, F [G] is semisimple, and then H2n2 is
also semisimple. Moreover, H2n2 is non-commutative and non-cocommutative.
Before we continue, we establish the following lemma about the Hopf ideals of H2n2 , which
will be useful in the sequel.
Lemma 2.12. Let I be a Hopf ideal of H2n2. If I ∩R = 0, then I = 0.
Proof. Let I be a Hopf ideal of H2n2 such that I ∩ R = 0. Consider the restriction of the
projection map π|R : R → H2n2/I. Clearly, Kerπ|R = I ∩ R. Hence, we can look at R as a
Hopf subalgebra of H2n2/I. Then dim(R) divides dim(H2n2/I).
Since dim(H2n2) = 2dim(R), we must have that dim(H2n2/I) = 2dim(R) or dim(H2n2/I) =
dim(R). If dim(H2n2/I) = 2dim(R), then I = 0.
If dim(H2n2/I) = dim(R), then H2n2/I ∼= R and thus H2n2/I is commutative. Hence, we
must have that x¯z¯ = z¯x¯ = y¯z¯, which implies that (x− y)z ∈ I. So, (x− y)z(zt−1) = (x− y) ∈
I ∩R = 0, which is absurd. 
3. Inner faithful actions on quantum polynomial algebras
Let M = (mij) ∈Mr×r(F
×) be a square matrix of size r such that mii = mijmji = 1. Let
AM = FM [u1, . . . , ur] be the quantum polynomial algebra (see [3] and [5, Appendix I.14 and
Chapter I.2]), i.e., the associative F -algebra generated by u1, . . . , ur subject to the relations
uiuj = mijujui, 1 ≤ i, j ≤ r.
Alternatively, quantum polynomial algebras can be constructed as iterated Ore extension of
automorphism type
AM = F [u1][u2, τ2] · · · [ur, τr],
where τi(uj) = mijuj for all i, j with 1 ≤ j < i ≤ r.
In this section, we will present inner faithful actions of H2n2 on AM . Our main result is
Theorem 3.1, where we provide conditions to define inner faithful actions of H2n2 on quantum
polynomial algebras which do not factor through group actions.
Recall that for a nth primitive root of unity q,
∆(z) = J(z ⊗ z) =
1
n
n−1∑
i,j=0
q−ijxiz ⊗ yjz.
Theorem 3.1. Let n > 1 be a natural number and H2n2 the Hopf algebra constructed above
with respect to a primitive nth root of unity q. Let AM be a quantum polynomial algebra in
generators u1, . . . , ur with respect to a matrix M = (mij) ∈ Mr×r(F ). For any permutation
τ ∈ Sr and elements λ, µ ∈ F
r the following holds:
(1) H2n2 acts on AM via x · ui = λiui, y · ui = µiui and z · ui = uτ(i) if and only if there
exists b ∈ Zrn such that
λi = q
bi , µi = q
bτ(i) , mst = q
Bτ(s)τ(t)mτ(s)τ(t),
for all j, i, s, where Bst = bsbτ(t) − btbτ(s).
(2) The action in (1) is inner faithful if and only if the map f : Z2n → Z
r
n with f(i, j) =
(ib1 + jbτ(1), · · · , ibr + jbτ(r)) is injective.
(3) In particular if there exist s, t such that Bst is invertible in Zn, then the action in (1)
is inner faithful.
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Proof. (1) Suppose H2n2 acts on AM via x · ui = λiui; y · ui = µiui; z · ui = uτ(i). Since
zy = xz in H2n2 , we should have that (zy) · ui = (xz) ·ui, for all i ∈ {1, . . . , r}. This happens
if and only if µi = λτ(i) for all i ∈ {1, . . . , r}. Since x
n = 1, we must have that λi is an nth
roots of unity and hence there exist b ∈ Zrn such that λi = q
bi and µi = λτ(i) = q
bτ(i) for all i.
Let us calculate z · (ukul) for some indices k, l:
z · (ukul) =
n−1∑
i,j=0
q−ij(λiτ(k)uτ(k))(µ
j
τ(l)uτ(l))
=

 n−1∑
i,j=0
q−ij+bτ(k)i+bτ(τ(l))j

uτ(k)uτ(l)
=

n−1∑
i=0
qbτ(k)i
n−1∑
j=0
(qbτ(τ(l))−i)j

uτ(k)uτ(l) = nqbτ(k)τ(τ(l))uτ(k)uτ(l)
Hence the relation z · (ukul) = mklz · (uluk) holds if and only if:
mτ(k)τ(l)q
bτ(k)bτ(τ(l)) = mklq
bτ(l)bτ(τ(k))
or equivalently mkl = mτ(k)τ(l)q
Bτ (k)τ(l)mτ(k)τ(l), with Bτ(k)τ(l) = bτ(k)bτ(τ(l)) − bτ(l)bτ(τ(k)).
Conversely if λ, µ and (mij) satisfy the conditions indicated above, then the action given
as indicated is well-defined as 1−xn, 1−yn, zx−yz act as zero on the ui’s and as z · (ukul) =
mklz · (uluk) holds.
(2) Let I be a Hopf ideal of H2n2 such that I · AM = 0. Suppose that I ∩ R 6= 0. Since
I ∩ R is a Hopf ideal of the group algebra R, we can apply Lemma 1.4 and conclude that
there exists a normal subgroup N of Zn×Zn such that I ∩R = RF [N ]
+. Since I ∩R 6= 0 we
have N 6= 〈(0, 0)〉, i.e. there exist (i, j) 6= (0, 0), such that xiyj ∈ N and hence 1− xiyj ∈ I.
Thus, for all s ∈ {1, . . . , r}, we have (1 − qbsi+bτ(s)j)us = (1 − x
iyj) · us = 0, which implies
ibs+jbτ(s) = 0 in Zn for all s ∈ {1, . . . , r}. Hence if f is injective, then I∩R = 0, and thus, by
Lemma 2.12, I = 0. So, the action must be inner faithful. Conversely if f is not injective and
f(i, j) = (0, . . . , 0) for some (i, j) ∈ Z2n, then the Hopf ideal generated by 1−x
iyj annihilates
AM and the action is not inner faithful.
(3) Suppose that Bst is invertible for some s, t. If (i, j) is a pair such that ibk+jbτ(k) = 0 for
all k, then in particular bτ(s)j = −bsi and hence jBst = jbsbτ(t)− jbτ(s)bt = −bsbti+bsbti = 0.
Thus j = 0 and therefore ibk = 0 for all k. In particular iBst = 0 and hence i = 0.

Suppose F contains a primitive 6th root of unity q. LetH72 be the semisimple Hopf algebras
with respect to q and n = 6. Let AM = Fq2 [u1, u2][u3] be the quantum polynomial algebra in
the generators u1, u2, u3 subject to u2u1 = q
2u2u1 and u3 commuting with u1 and u2. Then
there exists an inner faithful action of H72 on Fq2 [u1, u2][u3] given by b = (2, 2, 1) ∈ Z
3
6 and
τ = (13) ∈ S3, i.e.
x · u1 = q
2u1, x · u2 = q
2u2, x · u3 = qu3
y · u1 = qu1, y · u2 = q
2u2, y · u3 = q
2u3
z · u1 = u3, z · u2 = u2, z · u3 = u1.
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Note that the function f : Z26 → Z
3
6 from Theorem 3.1(2) is given by f(i, j) = (2i + j, 2(i +
j), i + 2j) and injective. However the elements Bst from above are all zero divisors in Z6.
3.1. Inner faithful actions on the quantum plane. For a moment, let F be an arbitrary
field. Let 0 6= p ∈ F and consider the matrix
M =
(
1 p−1
p 1
)
∈M2×2(F )
The quantum plane is the quantum polynomial algebra AM = FM [u, v] with two generators.
We denote the quantum plane FM [u, v] by Fp[u, v] and we call p a parameter. When p 6= 1
the algebra Fp[u, v] is non-commutative.
Consider the Hopf algebras H2n2 as constructed in Section 2.2. For each n, these Hopf
algebras act on A = Cp[u, v] with p
2 = q, where q is the primitive nth root of unity used to
construct H2n2 . The action is given by:
x · u = qu, y · u = u, z · u = v,
x · v = v, y · v = qv, z · v = u,
which corresponds to τ = (12) ∈ S2 and the vector b = (1, 0) ∈ Z
2
2 in Theorem 3.1. H2n2
acts on A and, since the element B12 is invertible in Z2, by Theorem 3.1, this action is inner
faithful.
4. Inner faithful actions of Kac-Paljutkin Hopf algebra on the quantum
plane
G.I. Kac and Paljutkin, in the 1960’s, discovered a non-commutative, non-cocommutative
semisimple Hopf algebra of dimension 8 [12]. H8 is the algebra over F generated by x, y, and
z subject to the following relations
x2 = 1, y2 = 1, xy = yx
z2 =
1
2
(1 + x+ y − xy) , zx = yz, zy = xz.
H8 has a coalgebra structure with
∆(x) = x⊗ x, ǫ(x) = 1
∆(y) = y ⊗ y, ǫ(y) = 1
∆(z) = 12 (1⊗ 1 + x⊗ 1 + 1⊗ y − x⊗ y) (z ⊗ z), ǫ(z) = 1.
H8 becomes a Hopf algebra by setting S(x) = x, S(y) = y, and S(z) = z.
Later, in 1995, A. Masouka showed that there is only one (up to isomorphisms) semisimple
Hopf algebra of dimension 8 (H8) that is neither commutative nor cocommutative [15]. Al-
though Kac and Paljutkin present H8 as above and Masouka presents it under the perspective
of biproducts and bicrossed products, in this section we present H8 as the Hopf algebra H2n2 ,
for n = 2. Also, under a certain condition, we classify the inner faithful actions of H8 on the
quantum plane.
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4.1. H8 as a quotient of an Ore extension. For the Hopf algebras constructed in that
Section 2.2, we take n = 2 and q = −1. The group Γ, then, is the cyclic group of order 2,
Z2 = {x | x
2 = 1}. In this setting, we have that the orthogonal idempotents of F [Z2] as in
Lemma 2.9 are given by:
e0 =
1
2
(1 + x) and e1 =
1
2
(1− x).
Then, for G = 〈x, y | x2 = 1 = y2, xy = yx〉 = Γ× Γ, the automorphism σ swaps x and y,
i.e., σ(x) = y and σ(y) = x. And the element J is given by
J =
1
2
((1 + x)⊗ 1 + (1− x)⊗ y) =
1
2
(1⊗ 1 + x⊗ 1 + 1⊗ y − x⊗ y).
Let R = F [G]. So, R[z;σ] becomes a bialgebra with
∆(z) = J(z ⊗ z) =
1
2
(1⊗ 1 + x⊗ 1 + 1⊗ y − x⊗ y) (z ⊗ z),
and ǫ(z) = 1. Also, note that zx = σ(x)z = yz. Since t is given by
t = e0 + e1y =
1
2
(1 + x+ y − xy),
we get that z2 = 12(1 + x+ y − xy) in the Hopf algebra R[z;σ]/〈z
2 − t〉, where S(z) = z.
So, H2n2 , for n = 2, is precisely the Hopf algebra H8. Then, from now on, every time we
refer to H8, we keep in mind its presentation as the one presented in this subsection, i.e., as
a quotient of an Ore extension: H8 = R[z;σ]/〈z
2 − t〉.
4.2. Classification of the Inner faithful actions of H8 on the quantum plane. Let
F = C and A = Cp[u, v] be the quantum plane with parameter p ∈ C
×, i.e., vu = puv.
In the following theorem we classify the possibles inner faithful actions of H8 on A under
a certain assumption.
Theorem 4.1. Let p ∈ C×. If there is a Hopf action of H8 on the quantum plane A = Cp[u, v]
such that z · u = v and z · v = u, then this action is inner faithful and p2 = −1.
Proof. We can assume p 6= 1, because if p = 1, then A = C[u, v] is the commutative polynomial
ring, which is a commutative domain. Therefore, Etingof and Walton’s result [10, Theorem
1.3] guarantee that there cannot be any inner faithful action of H8 on A, since H8 is not a
group algebra.
If there is an action of H8 on A, since x and y are group-like elements, they act as auto-
morphisms of A. Hence there exist α, β ∈ Aut(A) such that x · a = α(a) and y · a = β(a) for
all a ∈ A. Also, since x2 = 1 = y2, α2 = id = β2.
Under the assumption that z acts by interchanging u and v, we must have z ·(vu) = pz ·(uv)
or equivalently
(3) uv + α(u)v + uβ(v) − α(u)β(v) = p(vu+ α(v)u + vβ(u)− α(v)β(u)).
Moreover, since xz = zy, it follows that (xz) · u = (zy) · u and (xz) · v = (zy) · v, which
implies that
(4) α(u) = z · β(v) and α(v) = z · β(u).
Now, we separate the proof in cases.
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CASE I: p 6= −1: In this case Alev and Chamarie showed in [1, 1.4.4] that the automor-
phisms of A are given by a torus action, i.e., x and y acts as scalars on u and v. Hence we
are in the situation of Theorem 3.1 (1) with τ = (12) ∈ S2. Suppose
x · u = (−1)b1u, x · v = (−1)b2v, y · u = (−1)bτ(1)u, y · v = (−1)bτ(2)v,
and let b = (b1, b2) ∈ Z
2
2. By Theorem 3.1, H acts on A if and only if
p2 = (−1)b1bτ(2)−b2bτ(1) = (−1)B12 .
Since p 6= −1, we must have B12 = 1 and so p
2 = −1. Hence, by Theorem 3.1 (3), the action
is inner faithful.
CASE II: p = −1: In this case Alev and Chamarie showed in [1, 1.4.4] that Aut(A) is a
semidirect product of (C×)2 with the cyclic group of order 2 given by the automorphism τ
that flips u and v. Hence any automorphism of A is either an element of (C×)2 or a product
of an element (α0, α1) ∈ (C
×)2 and τ . By 4, if β is just given by a torus action, then α has
to be also given by a torus action, and if β is given by a torus action and τ , then α has to
be also given by a torus action and τ . Therefore, these are the only two possible cases for α
and β.
CASE II.a: If β is given only by a torus action, then then we are in the same situation as
CASE I and hence, by what we have done for CASE I, necessarily p2 = −1, which contradicts
p = −1. So, β cannot be given by a torus action.
CASE II.b: Suppose that both α and β are compositions of a torus action and τ , then
there are (α0, α1), (β0, β1) ∈ (C
×)2 such that
x · u = α(u) = α0v, x · v = α(v) = α1u, y · u = β(u) = β0v, y · v = β(v) = β1u.
Then equation (3) yields
uv + α0v
2 + β1u
2 + β1α0uv = uv − α1u
2 − β0v
2 + β0α1uv,
which is equivalent to
(α1 + β1)u
2 + (α0 + β0)v
2 + (β1α0 − β0α1)uv = 0
and implies βi = −αi, for i = 0, 1, and β1α0 = β0α1. Now, since α
2 = id = β2, we must have
that α0α1 = 1 and β0β1 = 1. Also, by 4, we must have that α1 = β0 and α0 = β1. Hence,
α20 = −α0α1 = −1. And so α0 = ±i. Therefore, for α0 ∈ {−i, i}, the options are β1 = α0,
β0 = −α0, α1 = −α0. But note that
xz · (vu) = (vu− α0u
2 − α0v
2 − vu) and zy · (vu) = (−uv − α0u
2 − α0v
2 − uv).
This leads to a contradiction, since xz = yz. Therefore, there can be no action at all for the
case where p = −1. 
References
[1] J. Alev and M. Chamarie, De´rivations et automorphismes de quelques alge`bres quantiques, Comm. Algebra
20 (1992), 1787–1802 (French).
[2] J. M. Allman, Actions of finite dimensional non-commutative, non-cocommutative Hopf algebras on rings
(2009).
[3] V. A. Artamonov, Quantum polynomial algebras, J. Math. Sci. (New York) 87 (1997), 3441–3462.
[4] T. Banica and J. Bichon, Hopf images and inner faithful representations, Glasg. Math. J. 52 (2010),
677–703.
[5] K. A. Brown and K. R. Goodearl, Lectures on algebraic quantum groups, Advanced Courses in Mathe-
matics. CRM Barcelona, Birkha¨user Verlag, Basel, 2002.
14 DEIVIDI PANSERA
[6] K. Chan, C. Walton, and J. Zhang, Hopf actions and Nakayama automorphisms, J. Algebra 409 (2014),
26–53.
[7] J. Cuadra, P. Etingof, and C. Walton, Semisimple Hopf actions on Weyl algebras, Adv. Math. 282 (2015),
47–55.
[8] A. Davydov, Twisted automorphisms of Hopf algebras, Noncommutative structures in mathematics and
physics, K. Vlaam. Acad. Belgie Wet. Kunsten (KVAB), Brussels, 2010, pp. 103–130.
[9] P. Etingof and C. Walton, Finite dimensional Hopf actions on algebraic quantizations, Algebra Number
Theory 10 (2016), 2287–2310.
[10] , Semisimple Hopf actions on commutative domains, Adv. Math. 251 (2014), 47–61.
[11] R. Farnsteiner, Burnside’s theorem for Hopf algebras. Lecture notes, available at
https://www.math.uni-bielefeld.de/ sek/select/rf5.pdf.
[12] G. I. Kac and V. G. Paljutkin, Finite ring groups, Trudy Moskov. Mat. Obsˇcˇ. 15 (1966), 224–261 (Russian).
[13] E. Kirkman, J. Kuzmanovich, and J. J. Zhang, Gorenstein subrings of invariants under Hopf algebra
actions, J. Algebra 322 (2009), 3640–3669.
[14] C. Lomp and D. Pansera, A note on a paper by Cuadra, Etingof and Walton, Comm. Algebra 45 (2017),
3402–3409.
[15] A. Masuoka, Semisimple Hopf algebras of dimension 6, 8, Israel J. Math. 92 (1995), no. 1-3, 361–373.
[16] D. S. Passman, The algebraic structure of group rings, Pure and Applied Mathematics, Wiley-Interscience
[John Wiley & Sons], New York-London-Sydney, 1977.
Department of Mathematics, Faculty of Science, University of Porto, Rua Campo Alegre
687, 4169-007 Porto, Portugal
